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Abstract
It is shown that a gauged nonlinear O(3) sigma model with anomalous
magnetic moment interaction in 2 + 1 dimensions is exactly integrable for
static, self-dual eld congurations. The matter elds are exactly equiv-
alent to those of the usual ungauged nonlinear O(3) sigma model. These
static soliton solutions can be mapped into an Abelian purely magnetic
vortex solutions through a suitable reduction of the non-Abelian gauge
group. A relativistic Abelian model in 2 + 1 dimensions is also presented




The nonlinear O(3) sigma model in 2 + 1 dimensions is popular because of its ap-
plicability in various diverse branches of physics. The soliton solutions of this model
play a crucial role in most of these applications. Fortunately, all the nite energy static,
self-dual soliton solutions of this model are well known which can be expressed in terms
of rational functions [1]. Interestingly enough, even when the global symmetry is made
local to accommodate gauge eld interaction in the theory and the gauge eld dynamics
is solely governed by a non-Abelian Chern-Simons (CS) term, all the static, self-dual
soliton solutions can be written down explicitly [2]. In particular, the matter eld solu-
tions are same for both the ungauged as well as gauged nonlinear sigma model. These
static soliton solutions can be mapped into an Abelian purely magnetic vortex solutions
through a suitable reduction of the non-Abelian gauge group. These magnetic vortices
are exactly those found in a nonrelativistic CS theory [3] except that the solitons in the
nonrelativistic theory are charged also. One can also identify these magnetic vortices as
the classical solutions of an Abelian theory in two dimensional Euclidean space with a
topological coupling [2]. However, no relativistic action with dynamical gauge eld in
2 + 1 dimensions is known which reproduces these magnetic vortices.
In general, the gauge eld dynamics in 2+1 dimensions is governed by both Maxwell
as well as CS term. The Maxwell term can be dropped from the action only in the
long wave-length limit [4]. Thus, it is worth enquiring at this point, whether or not the
gauged nonlinear O(3) sigma model with the gauge eld dynamics governed by both the
Maxwell and the CS term, admits static, self-dual soliton solutions. It is known from
the study of vortex solutions in dierent Abelian as well as non-Abelian Higgs model
that incorporation of anomalous magnetic moment interaction [5,6] is necessary in order
to have self-dual soliton solution in presence of both the Maxwell and the CS term in
the theory [7,8].
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The purpose of this letter is to show that the gauged sigma model with anomalous
magnetic moment interaction indeed admits self-dual solitons. In particular, we nd
that the static, self-dual soliton solutions of this model can be mapped to those of pure
CS theory considered in Ref. [2]. Naturally, our solutions are mapped into an Abelian
purely magnetic vortex through a suitable reduction of the gauge group. We also present
a relativistic Abelian theory in 2 + 1 dimensions where these magnetic vortices can be
realized.















































where a = 1; 2; 3 and the 
a







We work here in Minkowskian space-time with the signature g


























. The velocity of light c and the
Planck's constant in units of
1
2
are taken to be unity. The coecient of the CS term
() and the coecient of the scalar kinetic energy term (
2
) have mass dimension one.



















































in the denition of the covariant
derivative. Such a non-minimal coupling for the gauge-eld is possible in 2+1 dimensions
which is also consistent with both Lorentz as well as gauge covariance of the theory
[5,7]. The nonminimal coupling can be interpreted as the anomalous magnetic moment
interaction with g identied as the anomalous magnetic moment [6]. In an Abelian
3
theory, presence of such a term in the covariant derivative generates a CS term after the
Higgs mechanism has taken place [5]. However, so far similar mechanism has not been
shown in the non-Abelian case.






























where the current J
a
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= 1 is taken care of by use of a Lagrange
multiplier though not mentioned explicitly in (1).



















contribution from the nonminimal part also. However, one can easily check using Eqs.
(6) and (7) that J
a
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which will be useful in our later discussions.
































have been eliminated by using the identities (10). It is interesting
to note that the energy functional (11) is equivalent to the pure CS case [2] except for
an overall multiplication factor. In order to ensure positivity as well as niteness of
the energy functional, we choose 0 < j  j < 1. The gauge elds completely decouple
from the theory at  = 0. In particular, one is left with either the pure Yang-Mills
CS (YMCS) action or the usual O(3) sigma model plus pure YMCS action with no
interaction among the scalar and the gauge elds. On the other hand, at  = 1, the
Lagrangian (1) admits zero energy trivial vacuum solutions.


















































is the topological charge and K
0
































j Q j in terms of the topologi-




















= 0 : (14)
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These Bogomol'nyi equations are consistent with the second order eld equations (4).
The rst equation of (14) implies that the Noether charge is zero. It also follows
from Eqs. (7) and (14) that for static soliton solutions A
a
0
















has the same expression as in the case of pure CS theory [2] except an
overall multiplication factor. As a consequence of vanishing Noether charge, the zeroeth
component of the gauge eld equation (7) dictates that the spatial component of the





















being the Pauli matrices. The


















= 0 ; (17)
which is nothing but the self-dual equation for the ungauged nonlinear O(3) sigma model.





























Any analytic (anti-analytic) function u(z) is a solution of the equation (19). So, the
minimum-energy matter eld solutions of the Lagrangian (1) are exactly equivalent to
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those of the gauged sigma model with a CS term [2] and, hence to the ungauged sigma
model [1]. The only eect due to the incorporation of anomalous magnetic moment
interaction is the change in energy by an overall multiplication factor.
It is known that these non-Abelian solutions give rise to nontrivial vortex congura-
tion under a suitable contraction of the gauge group [2]. In particular, one can construct















































The last term of (20) vanishes identically because of the rst identity of (10). Now note
that F
i0






































j Q j is quantized in terms
of the topological charge Q. Note that B solves the Liouville equation. This is also the
expression for the magnetic eld in 2 + 1 dimensional nonrelativistic gauged nonlinear
Schrodinger equation [3] which describes magnetic, charged vortices. The reproduction
of the magnetic vortices (21) in an Abelian theory is not that surprising as the eld
strength F







= 0 in 2 + 1 dimensions.
At this point one would like to look for relativistic Abelian theories which reproduce
the magnetic vortices (21). Though a Euclidean two dimensional model reproducing the
magnetic vortices (21) is known [2], no 2+1 dimensional relativistic Abelian model with
dynamical gauge eld is known to give these magnetic vortices. Here, we present one












































= 1. The covariant


























) = (0; 0; 1).
The Lagrangian (22) represents a nonlinear O(3) sigma model with its U(1) subgroup
gauged where the gauge eld dynamics is governed by a Maxwell term [11,12]. The
Lagrangian (22) exactly reduces to the one considered in [11] when G(
3





. The modication to the Maxwell kinetic term in (22) can be viewed as
an eective action for a system in a medium described by a suitable dielectric function
G(
3
). In fact, such a dielectric function is used in connection with the soliton bag
models of quarks and gluons [13]. Incorporation of such a nonminimal interaction in
the action is also necessary, in certain supersymmetric gauge theories with non-compact
gauge group, in order to have a sensible gauge theory [14]. This nonminimal coupling is
interesting in the context of vortex solutions also as one can have innitely degenerate
topological vortex solutions where the magnetic ux is not necessarily quantized [8].
The Lagrangian (22) admits self-dual solutions for arbitrary G(
3
). However, here



























Note that this potential is usually used in describing Skyrmions [15]. The nite energy
eld congurations demand that 
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, where as 
3
is massless. Note that the gauge eld A

is also massless as the local U(1) symmetry is




= 1. The dielectric function (24) is
singular at 
3






is non-singular at 
3
= 1 for the specic solutions we obtain below.
The static energy functional corresponding to the Lagrangian (22) in the gauge A
0
=

























































































, E  4q
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= 0 : (28)




in (18) and identify u(z) as 
(z))

















































magnetic eld B can be realized by the static, self-dual soliton solutions of (22). The
most general N -soliton solutions (30) are described by 4N real parameters [3,16]. The









is an arbitrary constant related to the size of the solitons. It is worth mentioning
at this point, though the soliton solutions of the non-Abelian theory are topological in
nature, the soliton solutions of (22) are not. This can be seen as follows. The topological
current k































. As a result, the stability







contribution from the rst term of (31) only. On the other hand, if the contribution
to q is from the second term only, the solitons are nontopological (i.e. no topological
arguments can be made for their stability ). Since, 
3
! 1 at both the spatial innity
for the soliton solutions of (22), only the second term of (31) contributes to q. As a
result, the soliton solutions (30) are of nontopological in nature.
Finally, the following comments are in order,
(i) The scalar potential V (
3
) is uniquely determined for self-dual soliton solutions,
once a particular G(
3
) is chosen. Consequently, for dierent choices of G(
3
), the decou-
pled equation (29) can be reduced to well known integrable equations in two Euclidean
space and, hence the Lagrangian (22) admits exact solutions for a class of dielectric
function. It is worth mentioning at this point that similar abelian Higgs models with a
dielectric function can also be constructed which are integrable for static, self-dual eld
congurations [17].
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(ii) The partially gauged nonlinear O(3) sigma model of the type (22) was considered
in the literature with the prior motivation of breaking the scale invariance of its non-
gauged counterpart [11,12]. However, notice that the soliton solution of (22) as given in
(30) is indeed scale invariant. Thus the scale invariance of soliton solutions in dierent
gauged sigma models are model dependent.
The Lagrangian (22) can well be considered in the two Euclidean space since we
are looking for static soliton solutions in the gauge A
0
= 0. Naturally, the self-dual
equations of the Euclidean action in two dimensions corresponding to (22) are given by
(28). We would like to point out that in this case the trace of the energy-momentum
tensor of our Euclidean action vanishes at the self-dual limit.
(iii) The static, self-dual soliton solutions of (1) can be mapped to the corresponding
solutions of pure CS theory [2]. One would expect that the soliton solutions of these
two models are quite dierent in nature, away from the self-dual point. It would be
interesting to study the soliton solutions of these two models away from this point.
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